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) denotes the integral measure over prod-
uct states. The calculation of linear entropy E can be





































B) [2]. Here S
ij
denotes the swap oper-
ation between equal-dimensional systems i and j. From
Eq. (4) we know that dierent integral measures give dif-
ferent entangling powers. For the Haar measure, group





















































This denition of entangling power presents an
anomaly that the entangling power of a SWAP gate over
a d  d space is zero [2]. The entangling power dened
by Eq. (4) does not include the advantage of incorporat-
ing ancilla assistance. With assistance from ancillas the
SWAP gate can generate entanglement. The dimension
of each ancilla can be chosen as the dimension of the orig-
inal system because the Schmidt number of a state in the
composite system of the original system plus ancilla is at
most the dimension of the original system [10], and the
suÆciency of equal dimensions for ancillas is borne out
by numerical simulations [5].






















































denote ancillas of A and B; respectively.
The nal state after applyingU will have increased entan-
glement by 1   1=d
2
. The entanglement increase draws
on the ancillary resources. Without these ancillas, the
SWAP gate cannot increase entanglement, which is the
case considered in Ref. [2].

























in which the rst and fourth systems are ancillas. Let












. Analogous to Eq. (4) we dene the ancilla-


























. By splitting the
whole system as subsystems 12 and 34, extending Eq. (5),






























































































is the swap between
systems i and k and systems j and l. We are interesting
only in the case that the unitary operator acts on the







Equation (9) enables the calculation of the assisted en-
tangling power of U .
An operator can increase entanglement of a state, but
an operator itself also can be entangled by recognizing
that operators themselves inhabit a Hilbert space. The
entanglement of quantum operators is introduced [11] by





dimensional Hilbert space with the scalar product be-
tween two operators A and B given by the Hilbert-



































operator entanglement of an operator U is [11]





























Qudit quantum computation is normally considered for
many qudits with equal dimension [13]. We will mainly
examine the entangling powers of two-qudit quantum
gates as building blocks of the quantum computer, and





). In this case it is found that the entangling
power of a unitary operator U is related to the entan-
glement of quantum unitary operators [11, 12]. From














Thus, the unassisted entangling power dened on d  d
systems can be expressed in terms of entanglement of




. Therefore, by study-
ing the entanglement of these three operators we can de-
termine the entangling power of U .
From Eqs. (9) and (11) a similar result can be obtained






















3Note that relations (12) and (13) hold only when we
quantify the entanglement by the linear entropy, and
from these relations we know that unassisted and assisted
entangling powers are completely determined by the op-













are on their own always known and given below).
Based on these results for the entangling powers we next
investigate a general controlled{U quantum operation on
qudits.
III. A GENERAL TWO-QUDIT
CONTROLLED{U GATE
A general controlled-U quantum operation on two qu-


























: The controlled-U gate im-
plements the unitary operator U
n
on the second system if
and only if the rst system is in the state jni. The unas-
sisted entangling power and operator entanglement have
been computed for the C
U





can be arbitrary unitary operators. For the
controlled-U operation we have the following proposition.































































): The swap op-
erator S
12




























is in the Schmidt form with Schmidt num-
ber d
2
, and the entanglement is given by
E(S
12
) = 1  1=d
2
: (20)



















































is also in the Schmidt form









































) = 1  1=d
2
; (23)
which complete the proof of Eq. (15).

















































































































































) = 1  1=d
4
: (27)
This completes the proof of Eq. (16).
Proposition 1 builds an equivalence relation between
entangling powers and operator entanglement. The
higher the operator entanglement, the higher the entan-
gling powers are for the general C
U
gate. From Eqs. (15)























which means that the entangling power ofC
U
is enhanced













4for large d. Thus, the ancillas do not provide much as-
sistance for entanglement generation by the C
U
gate for
suÆciently large d. An analogous result, showing that an-
cilla are not needed when optimising entanglement gen-
eration by two-qubit Ising Hamiltonian and anisotropic
Heisenberg XY Hamiltonian, is also known [8].
We now apply Proposition 1 to study an example of
a C
U
gate, and we will see that the controlled-PHASE
(CPHASE) gate [15] is a special case of this C
U
gate.








with g the the coupling strength and J
iz
the z{











) is equivalent to











+ j and  =  gt: Note that the above












where d = 2j + 1: Then the unitary operator U () is
a special case of the controlled{U gate. The applica-






are proportional to the operator en-
tanglement of U (): Thus, we only need to calculate the
operator entanglement.















where 1=d is just the normalization factor. We consider
the operators U and P
n;n
as states jU i and jP
n;n
i; where
the bra-ket formalism is used. After tracing out the sec-



































For the case of two spin{1/2 it is straightforward to check
that E(U ) = 1=2 sin
2
(=2)[11]. For higher spins we need
to diagonalize the nn matrix A to obtain the eigenval-
ues of it, from which the linear entropy can be obtained.
We numerically diagonalize the matrix, and the results
for the linear entropy are shown in Fig. 1.
From Fig. 1 we see that the entanglement is a peri-
odic function of  with period 2; which can also be seen
from Eq. (35). The entanglement attains its maximum
value of 1=2 at  =  for spin{1=2 but does not reach
its maximum value 1   1=d at  =  for spins greater
than 1=2. The rst maximum value occurs at  = 2=d:
We also observe that there are two maximum values in
one period for spin 1 and spin 3/2 and four for spin 2.
When  = 2=d the unitary operator U (2=d) becomes
the CPHASE gate on qudits [15]. Detailed analysis of the
operator entanglement for the CPHASE gate and other
representative quantum gates are provided in Sec. IV.
IV. ENTANGLEMENT CAPABILITY OF
QUDIT GATES
A qudit quantum computer is comprised of a network
of one-qudit, two-qubit, and multi-qudit gates. Two-
qudit or multi-qudit gates usually have entanglement ca-
pability. In this section, we calculate and compare entan-
glement capabilities of dierent two-qudit gates. Before
going to entangling gates let us rst review several useful
one-qudit gates.
A. One-Qudit gates
Two essential one-qudit gates, denoted by X and Z,
are dened by their action on the computational basis
jni (n = 0; : : : ; d  1)
Xjni = jn+ 1(modd)i; (36)
Zjni = exp(i2n=d)jni: (37)
Another useful quantum operation on qudits is the






The Fourier transformation reduces to the Hadamard
gate for the case of d = 2.
B. The CPHASE and SUM gate
Henceforth we use U
GATE
to denote a two-qudit gate
which includes CPHASE, SUM, DSUM, or SWAP gate.






again. Note that the number operator N is now simply














5which is exactly the CPHASE gate [15]. We will see that
the CPHASE gate dier from the SUM gate (dened be-
low) only by local operations.
Let us consider one representative two-qudit gate,















The notation (1! 2) indicates that the rst qudit is the
control and the second qudit is the target. By using the
Fourier transform we have
F
 1
ZF = X: (41)





from the left and I
F from the right leads to the relation









 F ): (42)
This relation shows that these two gates dier only
by local unitary operators. Therefore, they have same
operator entanglement and entangling powers. The SUM





















Thus, the entanglement of the SUM gate is given by
E(U
SUM
) = 1  1=d: (44)
According to Proposition 1 the unassisted and assisted
entangling powers are immediately evident.
C. The SWAP gate
Another representative quantum gate is the SWAP
gate U
SWAP
, which we have denoted by SWAP and S
ij











Now we calculate the assisted entangling power of the









































































































































































) = 1  1=d
2
: (48)
Then, substituting the above equation and Eq. (27) into

















After introducing ancillas the entangling power of the
SWAP gate is no longer zero.
D. Double SUM gate










which can be considered as a generalization of the dou-
ble controlled-NOT gate for qubits in the sense that the
double SUM gate reduces to the double controlled-NOT
gate [21, 22] for the case of dimension d = 2.
Using the relation between SWAP and SUM given






















we observe that the SWAP gate can be constructed from
three SUM gates and the square of the Fourier transfor-
mation. This relation is useful for following analysis.




































6is used. From Proposition 1 we know that for










(1! 2) is a special C
U























where the second equality is obtained by noticing that
the local unitary operators do not modify operator en-
tanglement. Thus, we nd that the entanglement of the
DSUM gate is equal to that of the SWAP gate. Using





















































The fourth equality in the above equation results from
the fact E(U ) = E(U
y
) [11]. Therefore, the unassisted
entangling power of the DSUM gate is equal to that of
the SUM gate.
To obtain the assisted entangling power of the DSUM







. Up to local unitary operators the
















































































































can be written in the







) = 1  1=d
3
(58)
follows. Using the above equation, E(U
DSUM







) = 1  1=d
4
, we obtain the assisted

















We summarize the results of the three representative















hold. As the entangling power e
p
of the DSUM gate
is not zero, we can use it as a universal gate in a qudit
quantum computer. Although the operator entanglement
of the SWAP gate is equal to that of the DSUM gate, we
cannot use the SWAP gate as a universal gate since the
corresponding entangling power e
p
is zero. We further





1 in the limit of d!1. The ancilla does not make much
help on entanglement generation by the SUM and DSUM
gates in this limit. On the contrary, the ancilla does help
the entanglement generation by the SWAP gate.
V. CONCLUSIONS
In conclusion, we extend the entangling power of a uni-
tary operator U from the ancilla-unassisted case to the
ancilla-assisted case. The assisted and unassisted entan-
gling powers, quantifying the average amount of entan-
glement created by a unitary operator, turn out to be
easy-to-use entanglement capability measures which are
complementary to the entanglement capability measures
based on the maximal entanglement [6, 7, 10] that an
operator can generate.
We study the general controlled-U operator and nd
that both the unassisted and assisted entangling pow-
ers are proportional to its operator entanglement, which
builds equivalence relations between the entangling pow-
ers and the operator entanglement. This is meaning-
ful since the controlled-U gate contains some very useful
quantum gates such as the CPHASE and SUM gates, and
it is suÆcient to study the entanglement capability by ex-
amining the operator entanglement. From the SUM gate
we derive a new quantum gate, the DSUM gate which re-
duces to the double controlled-NOT gate for qubits in the
case that the dimension is d = 2. The entangling powers
and operator entanglement of three representative gates,
the SUM, DSUM, and SWAP gates are developed in de-
tail.
We have adopted the linear entropy as our entan-
glement measure to calculate entangling powers. It is
quite challenging to calculate the entangling powers us-
ing other entangling measure such as the von Neumann
entropy. Investigations of the entangling powers and op-
erator entanglement will be helpful in understanding the
entangling capabilities of quantum operations as physi-
cal resources, and will play an important role in quantum
information theory.
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TABLE I: Entangling powers and operator entanglement for
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FIG. 1: The entanglement of operator U() against  for dif-
ferent spins: spin-1/2 (cross points), spin-1 (circle points),
spin-3/2 (box points), and spin-2 (diamond points).
